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Abstract 

We study certain Z2-graded, finite-dimensional polynomial algebras of degree 2 which are a 
special class of deformations of Lie superalgebras, which we call quadratic Lie superalgebras. 
Starting from the formal definition, we discuss the generalised Jacobi relations in the context 
of the Koszul property, and give a proof of the PBW basis theorem. We give several concrete 
examples of quadratic Lie superalgebras for low dimensional cases, and discuss aspects of their 
structure constants for the 'type I' class. We derive the equivalent of the Kac module construc- 
tion for typical and atypical modules, and a related direct construction of irreducible modules 
due to Gould. We investigate in detail one specific case, the quadratic generalisation gl<z(n/l) 
of the Lie superalgebra sl(n/l). We formulate the general atypicality conditions at level 1, and 
present an analysis of zero-and one-step atypical modules for a certain family of Kac modules. 
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1 Introduction 

The classical problem of investigation of the correct mathematical structures within which to frame 
physical models is, in the case of quantum mechanical systems, intimately related to underlying 
symmetry principles. Until recently, the classical mathematics of discrete groups and Lie groups 
and their associated algebras and representations were the framework within which regularities of 
energy levels and matrix elements were organised, even in the absence of microscopic theories. The 
role of such underlying symmetry principles has not been supplanted even with the advent of su- 
persymmetry and Lie superalgebras to handle fermionic states. The revolutions of quantum groups 
and integrable models in one dimensional quantum field theory or two dimensional lattice models 
have shown in recent decades that more subtle mathematical structures, such as braiding for tensor 
products of composite state vector spaces, can and should have a natural place in the physicist's 
tool-kit. These objects, centring around the famous Yang-Baxter equation, are definitively 'non- 
linear' in their structure, and often entail one or more additional 'deformation' parameters which 
can be new physical constants, presaging the breakdown of standard symmetry relations in the 
appropriate asymptotic regime. 

The present work deals with some classes of polynomial algebras. These are mild gener- 
alisations of Lie algebras, but are surprisingly universal, in that they find applications in many 
different fields, and also contain special cases of some of the above-mentioned quantum groups. 
Our study is restricted to certain polynomial, ^2-graded algebras of degree 2, which are a special 
class of deformations of Lie superalgebas, which we term 'quadratic Lie superalgebras'. In our 
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previous work, we studied these objects in the context of the problem of enumerating gauge in- 
variant fields (observables) in a Hamiltonian lattice formulation of QCD. In p3] we introduced and 
studied 'polynomial super gl(n) algebras' heuristically via free-fermion and -boson constructions. 
The methodology resembled the intention of very early attempts to define 'baryonic currents' for 
the purpose of generalising the applicability of scalar and vector meson current algebras in particle 
physics [5] . In [13] our constructions were used to study the structure of the observable algebra of 
lattice QCD and to prove a classification theorem for its irreducible representations (superselection 
structure). 

In the present work we are at pains to establish a systematic approach to quadratic Lie 
superalgebras in their own right. They are introduced in $2] by way of formal definitions via 
appropriate tensor algebras and defining relations. For completeness we refer to the abstract context 
of Koszul complexes and Koszulness. Although the latter attribute is needed, it is not further 
explored in this paper as our notation is anchored in concretely enumerated structure relations. 
We cite the important structure theorem (Theorem 12. 7p establishing the existence and significance 
of generalised Jacobi identities, which if true together with Koszulness, establishes the existence 
of the PBW basis theorem. In Lemma 12.91 we give a direct proof of the PBW property (detailed 
in the appendix, E jA.ip which guarantees Koszulness. In £|3l we introduce a natural specialisation 
to a sub-class of quadratic Lie superalgebras, the so-called type I class, which admits a refined 
grading with a specific structure. Although it is beyond the scope of our present techniques to 
formulate a classification of quadratic Lie superalgebras, nonetheless some features of the structure 
constants are generic, with an intimate relation to invariants of the even subalgebra, as shown 
by Lemma 13.121 and its proof. The results of $2] are used together with the grading to establish 
useful alternative decompositions of the universal enveloping algebra. In turn, this sets the scene 
in £j3] for the definition of induced representations following the Kac module [15} [16] construction 
in the Lie superalgebra case, and as modified by Gould [8] to give a presentation of all finite 
dimensional irreducible Kac modules, including those of atypical type. In §3] we turn to a specific 
family of quadratic Lie superalgebras which we identified previously, the quadratic generalisations 
5/2 (n/1) of the classical Lie superalgebra sl(n/l). Using the methods of characteristic identities 
for generators of classical groups [TOj, Q] as applied to the Lie superalgebra case [U [9] we provide an 
explicit characterisation of atypicality conditions for irreducible modules at level one. For a specific 
class of highest weight modules we also examine zero- and one-step atypicals, and give some explicit 
cases. In the concluding £|5] we recall some of the previously-identified quadratic Lie superalgebras 
motivated from lattice QCD, and note how the phenomenon of atypicality arises there. One of 
the features of our analysis, both here and in £|H is the remarkable fact that type I quadratic Lie 
superalgebras generically admit atypical modules of depth zero - that is, they are representable on 
a single, nontrivial irreducible module of the even subalgebra. 



2 Formal constructions and the PBW basis theorem 

Let L = Lq + L\ be a finite-dimensional Z2-graded complex vector space. Take the even and odd 
subspaces Lg and Lj to be spanned by basis elements X{, i = 1, 2, • • • , n, and y r , r = 1, 2, • • • , m, 
respectively. The tensor algebra T(L) = J2^=o ® n (L) — C + L + L<g> L + • • • inherits the Z2-grading 
in the natural way, in that for T n := ® n T(L) we have 

with each on = or 1, and T n ^ T n | + T n \- V 
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We now introduce the concrete defining relations of the graded algebras of interest. The 
explicit Definition 12,11 below will be justified by a discussion of the structure of the enveloping 
algebra, to be given presently in a slightly more general context, after which the definition and 
the motivation for taking up this class as a natural object of investigation will become clearer (see 
Remarks 12.31 below) . 

Consider the following arrays of complex numbers: d p ^ q k,e = d qtP k ' e = d Pjq e,k ; b PA k = b qtP k ; 
a p,q = a q,p-> as well as Cij k = —Cj k , and c^ 9 , for indices in the specified ranges above, namely 
i, j, k, £ = 1, 2, • • • , n, and p,q,r = 1, 2, • • • , m. They are required to satisfy the following bilinear 
relations (summation on repeated indices, and for ease of writing, the comma _ separating suffixes 
is omitted where there is no ambiguity): 

„ i n m_ I m . I m, 
'-ij ^-£k — '-ik i -£j ' <-jk cgi j 

(...tp. 1 1c- r — r q r- r - 
'-'ij '-tp — "-ir <-jp <-jr '-ip i 

kj n£ , £ j kn - sj k£,-,sj k£ 
'-in u pq '-in u pq — '-ip u sq T '-ip u sq > 

u m n _ - s. n , - sl n. 
u pq <-im — <-ip u sq \ <^iq <Jps j 

c s h m + c s b m + c s b m — f) 

<^mp u qr i '-mq u rp <-mr u pq — u i 

- s, m£,- simi,- s,m£_r ] /-.n 
<^mp u qr <^mq u rp T w u pg — u • V 1 ) 

Let / be the linear subspace ofL^L + L + C spanned by the set 

k 

•£% X j X j X% ^—ij Xki 
, up i k 

yp®y q + y q ®yp - d pq x k ®x e - b pq x k - a pq ; 

Xi®y p -y p ®Xi-c ip q y q , (2) 

and let J(I) be the corresponding two-sided ideal in T(L) generated by /. 
Definition 2.1: Quadratic Lie superalgebra: 

Given quantities d Pjq k,e , b p>q k , a P)q , Cij k and c kp q with properties ([I]) above, and the corresponding 
subspace / as in (jSJ) and ideal J(I), the subalgebra of the tensor algebra defined by U{I) = 
T(L) j 'J(I) is called the quadratic Lie superalgebra associated with /. ■ 

Associated with the tensor algebra is the filtration defined by T n = ^ k =oT k , in such a way that 
C = To C T\ C Ti C • • • , that is, T n C T^i . U = U{I) inherits this filtration in the natural way, 
so that we have C = U(I)o C U(J)i C U(I)% C ■ ■ ■ and we define the associated graded algebra as 
the direct sum: 

Definition 2.2: Graded algebra associated to quadratic Lie superalgebra: 

The graded algebra gr(U(I)) = C + Yln°=i U(I) n /U(I)n-i is called the graded superalgebra associ- 
ated with the quadratic Lie superalgebra U(I). m 

Where the context is clear, we omit the bracket (I) and simply denote the quadratic Lie superalgebra 
by U, and the associated graded algebra by gr(U). I is Z2-graded, and hence so also is the ideal 
J(J), spanned by elements of T(L) of the form (at degree p + q + 2, for example) 

IP ( ®p L) ® I ® ( ®« L) (3) 

with p prefactors of L and q postfactors. Thus U inherits the natural Z2 grading from T{L). 

Note that U is strictly speaking a (Z^-graded) quadratic-linear algebra in the notation of 
|18j . because I C L ® L but contains elements of degree 1. However, just as in the case of Lie 



3 



superalgebras, the appellation quadratic Lie superalgebra which we adopt here suggests an intimate 
relation with an underlying Lie algebra, which is easily seen from the above definitions as follows. 
Consider the subspace Iq a L$ ® Lq + L$ + C spanned by the set given just by the first line of ([2]) 
and the corresponding ideal Jfa) in T(Lq). Clearly Uq := T(Lq)/ Jfa) C Uq simply by inclusion. 
On the other hand, the linear space Lq spanned by Xi, subject to the constraint given by the first 
line of ([ip. is indeed a Lie algebra, with the bracket [ and U = U(Lq) 

the corresponding universal enveloping algebra. By abuse of notation we refer to Lq simply as Lq, 
the underlying Lie algebra of the quadratic Lie superalgebra U. 

Remarks 2.3: 

As in the Lie superalgebra case, the basis elements Xi are called the even generators, the y p 
are the odd generators, and the arrays d pq , b pq k , a pq , Cij k , and c.]~ p q are called the structure 
constants of U (indeed, if d pq ki = 0, then L is itself a Lie superalgebra). Note that we do not 
include additional quantities, say eij pq , which might provide quadratic modifications to the first 
line of (|2|); nor do we admit additional scalars Cij corresponding to central extensions of Lq. The 
structure constants can be regarded as fixed, numerical components of some complex tensors of 
the appropriate contravariant and covariant ranks. If needed, generic homogeneous basis elements 
are denoted w a , Wb, a,b = 1, 2, • • • , m + n; alternatively Wi = Xi and w n+r = y r , for indices in the 
specified ranges. Algebraic relations can then be written with the help of the usual notation for 
the grading, namely \a\ = for a = 1, 2, • • • , n, and \a\ = 1 for a = n + 1, n + 2, • • ■ , n + m (see for 
example §JO \EM- ■ 

Further important objects associated with L and U(L) are as follows. Let 6 be the ideal generated 
by the symmetric and antisymmetric tensor products LqALq and Lj VLj in L®L (that is, the spaces 
spanned by the elements Xj <g) Xj + Xj (g) x^, i < j, and y p y q — y q y p , p < q, for i, j = 1, 2, • • • , n 
and p, q = 1, 2, • • ■ ,m, respectively), together with the subspace of Lg ® ^1 + ^1 ® Lq spanned by 
Xi ® Up + Up ® Xi, for i = 1, 2, • • ■ ,n and p = 1,2, ■ ■ ■ , m ). 

Definition 2.4: Super symmetric tensor algebra: 

The super symmetric tensor algebra S(L) = T(L)/& is the tensor algebra modulo these symmetric 
and antisymmetric relations. ■ 

More generally, let I2 = I D L ® L be the projection of I onto L §z> L, and J(l2) be the 
corresponding two-sided ideal of T{L) generated by 12- 

Definition 2.5: Homogeneous quadratic Lie superalgebra: 

The homogeneous quadratic Lie superalgebra Ufa) = T(L)/ Jfa) is the tensor algebra modulo 
these homogeneous quadratic relations. ■ 

To complete these introductory remarks, we refer to the notion of the Koszul complex as- 
sociated with U, although we do not require this for the present work. Let I 1 - C L* <£> L* = 
(L ® L)* be the quadratic annihilator of I, and J(/ _L ) the corresponding two-sided ideal. Define 
t7 ! := T(L*)/J(/- L ). Note that (U 1 )* is a right [7*-module by the action x ■ rj(() := x(rj(). Taking 
a basis w a for L, and the corresponding dual basis w a for L* , it can be shown that the mapping 
d G End(U (8) (U 1 )*) defined by 



is a differential, that is, d o d = [18J. 

Definition 2.6: Koszul quadratic Lie superalgebra: 

The quadratic Lie superalgebra U is Koszul iff the cohomology associated with the complex defined 



d ■ u ® v : 




a 
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by the operator d is trivial. 



The role of the notion of Koszulness is shown in the following key theorem. Firstly note that 
the direct sum decomposition IdL®L + L + C enables maps a : I2 — > L and /3 : I2 — > C to be 
defined such that 

I = {x — a{x) — [3(x)\x € 12}- 

Theorem 2.7: Poincare Birkhoff Witt basis theorem ( [18J , Ch 5, Theorem 2.1): 

When U{l2) is Koszul, and the following conditions are satisfied: 

(Jl) {a® id - id ® a)\ {h<S)Lr]mh) C I 2 ; 

(J2) ao (a® id - id ® a) \( h ® LnL ® h ) = -(/3(g) id - id ® 0) |(/ 20in L®/ 2 ); 
(J3) /? o (a <g> id - id ® a) |(/ 2 ®LnL®/ 2 ) = °> ( 4 ) 
we have the isomorphism 

gr{U(I)) * U(I 2 ) 

m 

The relations (J1-J3) are called the generalised Jacobi identities. As mentioned above, prov- 
ing Koszulness requires an analysis of the structure of the tensor ideal J (I), and as shown in |18j 
requires certain distributivity conditions to hold on the subspaces ([3]). Here instead we firstly 
(Lemma 12.81 below) establish (Jl), (J2) and (J3), and secondly (Lemma I2.9[) prove that the ho- 
mogeneous quadratic algebra IKJ2) is a PBW algebra, or of PBW type, that is, it admits an 
ordered basis of monomials (a PBW basis) in the generators w a , under mild conditions. Now a 
result of Priddy ([19J, Theorem 5.3; see also |20j) states that a homogeneous quadratic algebra of 
PBW type is Koszul, and so the conditions for Theorem 12.71 are established, and the isomorphism 
gr{U{I)) = IKJ2) is guaranteed. Therefore, the PBW basis also provides a basis for gr(U(I)), and 
hence, via the isomorphism of spaces, a basis also for U itself - the normal statement of the PBW 
basis theorem. 

Lemma 2.8: Generalised Jacobi Identities for quadratic Lie superalgebras: 

The bilinear relations ([T]) of a quadratic Lie superalgebra are equivalent to the generalised Jacobi 
identities @). 

Proof: The first task is to identify generic elements of l2®Lr\L® I2, by finding linear combinations 
of tensor products of basis elements from each space which match. In the standard Lie algebra case, 
the required combinations are easily found. Given basis elements Xi and (dropping the 

tensor product symbol (8) for ease of writing), the cyclic sum can be written in two ways: 

(XiXj-XjXi)Xk + {XjXk-XkXj)Xi + {XkXi-XiXk)Xj =Xi(Xj Xk Xk Xj)+Xj(XkXi- ' X iX k) X ki^X iX j XjXi), 

from which it is evident that the space spanned by such elements is simply the third rank exterior 
product. For Lie superalgebras, suitably graded cyclic sums with y p y q + y q y p are also included. 
For quadratic Lie superalgebras however, such elements of I2 include additional terms (for example 
with y p y q + y g y p becoming y p y g + y g y p — d pq ki XkX£ as above). Cyclic combinations of an arbitrary 
basis element tensored with such terms no longer produce an equality. However, in the quadratic 
Lie superalgebra case, it turns out that one can explicitly add and subtract terms on each side to 
compensate for these pairs. 
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To go further we investigate (J1-J3) for a particular grading of the triple of basis elements 
from 111, HO, 100 and 000. Given ([2]) the maps a and j3 are (repeated indices summed) 

a(xi ® Xj — Xj ® Xi) = Cij k Xk = (adjXj), 
a(y P <S> y q + y q y p - d pq ki x k ® xi) = b pq k x k = b pq , 
P(yp ®y q + y q ®y P - d pq k x k ® xi) = a pq , 

a(xi ®y p -y p ® xi) = c ip q y q = (adjy p ). (5) 

where the symbols adjXj and b pq are introduced to save space. Let us consider for example 110; 
other cases can be handled similarly. The following identity 

Zjiqi — (jJpUq yqy P d pq X k xi)Xi + (Xiy q y q %i)y P (j^iUp y P %i)y q dip q (XiX k X k xi)Xl 

= Xi{y p y q + y q y p - d pq M x k x £ ) + y p (y q Xi - Xiy q ) + y q (y p Xi - Xiy p ) + d pq ke x k (xix e - x e xi) (6) 

shows that the z pq i span this grading of the intersection L ® I2 H 1% ® L. For (Jl) we consider 

(a o id - id ® a)(z OT j) =b pg Xj + {adiy q )y p + (adiy p )y q - d pq kl (&diX k )xi- 

- Xib pq + y p (adiy q ) + y q (adiy p ) - d pq ke x k (&diXe), (7) 

and rewrite this so as to expose the intersection with /2 : 

(a o id - id ® a)(z pqi ) = ((ad i y p )y q +y q (ad i y p )-di P;q ki x k xi) + (y p (adj?/ (? ) + (ad i yg)yp-(ip i i (? M 2; A .X£) + 
+ (hp q Xi — Xibpq) + (di p>q k x k X£-\-d p> i q k x k xg — d pq kl! (&diX k )x£ — dp q k ^x k {&dixii) , 

where new terms di Ptq k£ := Ci p r d r p k£ , d Pt i q k£ := Ci q r d pr have been added and subtracted. Obviously 
the last term belongs to the symmetric product Lq V Lq and so must vanish if (Jl) is to be fulfilled. 
It is readily checked that the component form of 

= (di Ptq M x k Xi + d Ptiq ke x k Xi - d pq ki (adiX k )xi - d pq ke x k (adix e ),) 

is nothing but the second equation of ([TJ above. Proceeding with (J2), 

a o (a o id - id ® a)(z pqi ) = (adib pq ) - b ips - b p ^ q (8) 

where bj Pj(? := bi Ptq k x k := Ci p r b rq k x k , and b Pi j g := b p ^ q k x k := Ci q r b pr k x k . Vanishing of this combina- 
tion produces the component form corresponding to the third of equations P]). 

The first and second equations of JT]) are derived by considering (J1-J3) for the 000 and 001 
sectors respectively, that is, rewriting combinations of XiyxjX k and XiXjy p ; the fourth and fifth 
entries are derived similarly by examining the 111 sector, that is, rewriting combinations of y p y q y r - 

m 

The remaining requirement for the PBW basis theorem, the existence of a PBW basis, can 
be established under fairly general conditions on the partial ordering of ordered pairs of indices. 
The definition of the ordering, together with the proof of the following property in a slightly more 
general context is given in the Appendix, E jA.ll as Theorem IA.21I 

Lemma 2.9: PBW basis for quadratic Lie superalgebras: 

A homogeneous quadratic Lie superalgebra is of PBW type under any index ordering such that 
only those d pq ki are nonvanishing for which k, £ precedes p,q. 

Proof: Using the text-book method of Serre [21]. See appendix, ^A.l[ ■ 
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3 Type I quadratic Lie superalgebras and Kac modules 



The class of quadratic algebras is much richer than that of Lie algebras. The same is true for 
the restricted class of quadratic Lie superalgebras that we study, and it is beyond the scope of 
this work to investigate their enumeration and classification. However, some remarks bearing on 
the structure can easily be derived in the notation that we have given, and this leads to a binary 
typology of quadratic Lie superalgebras analogous to that well known for Lie superalgebras [15], 
as well as explicit methods for building the d pq ki . This is discussed in §3.11 below, and in §3.21 we 
take up the study of 'type I' quadratic Lie superalgebras. This results in the analogue of the Kac 
module construction for superalgebras [16], followed by a variant of this due to Gould [8], which 
gives an explicit construction of finite dimensional irreducible modules, both typical and atypical. 

3.1 Remarks on the structure of quadratic Lie superalgebras 

We assume from now on that the underlying Lie algebra Lq is reductive. For brevity we drop 
explicit reference to the tensor product (g) when working with U (I) or its subalgebras. Given the 
significance of the generalised Jacobi identities established above, we also adopt the familiar Lie 
algebra and Lie superalgebra notation for the structure relations in the form of brackets which have 
'nonlinear' parts on the right-hand side. Thus the second line of ([2]) now reads 

\]Jpi Vq\ — dpq XfcXl -\- bpq Xfc + dpq 

where { , } is the anticommutator, {u, v} = uv + v u for odd homogeneous generators; for Lq we 
have the usual commutator bracket [ X ^ X 1 — X X X X • Now, because of the nonlinear brackets, 
there is no natural adjoint action ad w : L — > L. However, ([2]) makes it clear that for x € Lq we can 
still define ad x : L\ — > L\ by 

&d x (y)=xy-yx (9) 

for each y G L\, such that adu^/j = ad x ad x ' — ad^ad^, turning Lj into a finite-dimensional Lq- 
module. A further simplification is to assume this is a representation equivalent to its contragradi- 
ent. If the matrix representation of the even genera/tors in the odd. submodule is 7r(x{jp^ — — Qp^\ 
by assumption there is a nondegenerate bilinear form f2 rs with inverse ft rs such that 

W r Tr( Xi ) r s n sp = - ttO^V (10) 

which implements the equivalence between ir and its contragredient — tt t . We adopt the following 
nomenclature: 

Definition 3.10: Balanced quadratic Lie superalgebras: 

A quadratic Lie superalgebra is called balanced if the odd submodule L\ is a real representation of 
the even Lie subalgebra Lq. m 

Definition 3.11: Typology of balanced quadratic Lie superalgebras: 

Let A be the highest weight of an irreducible representation of Lq with contragredient A*, and 
Vq(X), Vo(A*) the corresponding Lo-modules. Balanced quadratic Lie superalgebras are categorised 
into the following types according to the odd submodule L\: 

Type I': Lj = L + + L_ = Vq(X) + Vo(A*), for A a complex representation, 
with {L±,L±} = 0; 
or Type II: Lj = Vq(A), for A a real representation. 
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Note that the extra assumption {L±,L±} = for Type I' is stronger than for Type I Lie 
superalgebras, where the classification theorems are enough to guarantee it. Here it is introduced in 
the absence of classification results to avoid pathologies. As a final comment on the general nature 
of quadratic Lie superalgebras, it is clear that the structure constants must be natural tensors of 
Lq which bear a close relation to known invariants |3j. Consider a Lie superalgebra or quadratic Lie 
superalgebra of balanced type with even and odd generators Xj, y p and structure constants d pq , 
b pq k in the notation adopted above (d = in the Lie superalgebra case). Take quadratic and cubic 
invariants of Lq to be of the form C 2 = C^XiXj, C3 = C^ k XiXjX k . The following result is easily 
proven and provides a guaranteed explicit construction of d pq ke , as an extension of the (known) 
result for Lie superalgebras, which is here recalled: 

Lemma 3.12: Structure constants for Lie superalgebras and quadratic Lie superalge- 
bras: 

The following forms for the structure constants fulfil the Jacobi and generalised Jacobi identities 
for Lie superalgebras and quadratic Lie superalgebras: 

1. bpq — C ir(xj)p ^2 r g, 

A k£ _ fimkl I \ rn . 

u,pq — \^ n \^m)p "rgi 

Proof : The required Jacobi identities are tantamount to proving the invariance of the given Casimir 
operators. For the superalgebra case we use the Casimir invariant C 2 and the following universal 
object |2] in t7 CBD t7 , the cut coproduct 

AC' 2 = ±(AC 2 - C 2 ® id - id ® C 2 ) = C^Xi ® Xj (11) 

where Ax = x®id+id<g>x is the usual coproduct Lie algebra homomorphism. The object 7r<8>idoAC2 
commutes with ir ® id o Ax = ir(x) ® id + id ® x in End(Li) (8) Uq; note that the form b pq l is the 
matrix element of the bilinear form Vt composed with this map, namely C lJ 7r(xj)p r £l rq : 

C t3 [TT(x k ),TT(Xi)] ®Xj +C lj TT(Xi)[ Xk , Xj ] = 

or taking matrix elements 

C lj K{x k )p t lt{Xi)t r SlrqXj ~ C V TT(Xi)p t 7r(x k )t'"^rqXj + C %3 \{Xi)p T VL Tq C k jX(, = 0. 

We identify bpq 1 as above, and also 7r(x/0 P * = —c^. For the second term we need the intertwining 
property of Q pq , namely 

Q pr ir(x k ) r s Q sq = -n(x k )q p , or 7r(x fc )/Q rg = -ir(x k ) q r rL t r- 

The invariance condition thus becomes 

C k p biq Xj C k q bp r ^ Xj + bpq C k (P Xj — 

which is just the second line of ([I]) above. 

In the quadratic Lie superalgebra case, the same procedure works starting with the invariance 
of the cut coproduct 

AC' 3 = i(AC 3 - C 3 ® id - id ® C 3 ) 
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of a cubic Casimir C3 = C kem XkX£X m , namely (taking account of the symmetry of C l i k and the 
mixed nature of the terms arising from the coproduct after removing C3 <%> id and id <g> C3), 

[7r(aci) (8) id + id ® x it C Mm Tx{x k ) (g> xgx m + C kim 7r{x k x e ) <g> x m ] = 0. 

The new feature arising is that this expression in End{L\) ® Uq is graded by degree in Uq, and 
invariance requires both linear and quadratic parts to vanish separately. Taking matrix elements 
in the projection onto the quadratic part, 

[vr(xi) <S> id + id ® xi, C Um ir(x k ) x e x m ] = 

and using the intertwining property of the map f2 as above, yields the first line of ([Tj) . ■ 

For a more complete analysis along these lines, further considerations on a case-by-case basis, 
for example whether C3 is given in irreducible form, would be needed. The object ([lip will play a 
crucial role in the projection operator techniques to be used in N4.21 

3.2 Enveloping algebra for type I quadratic Lie superalgebras and Kac modules 

The definition of type I' quadratic Lie superalgebras means that Lj = Vb(A) + Vq(X*) for some 
complex irreducible Lo-module with highest weight A. The condition {L±,L±} = is consistent 
with a Z-grading of L such that L +1 = L + ^ V (X), L +1 = L_ V Q {\*), so that L = Lq + L- = 
Lq + L + + L_. Define Uq = U(Lq), U± = U(L±) as subalgebras of ?7. With respect to a basis 
{Q 1 ,Q 2 , • • • , Q d , } for L + , and a dual basis {Q\, Q2, • • • , Qd, } for L_, note that 

[/ + ^ (Q il Q i2 ---Q ik , h<i 2 <---<i k , l<k<d) , and 

U- = (Q il Q i2 ---Q lk , h<i 2 <---<ik, l<k<d), (12) 
with each of dimension 2 d if dim(Vb(A)) = d. We note also the canonical elements 

S:=QxQ 2 ---Q d , S:=Q 1 Q 2 ---Q d , (13) 

which are, in particular, one dimensional Lo-modules under the natural extension of the adjoint 
action (compare ©). Let the respective (highest) weights be T2/0i, that is, we take [h,S] = 
2pi(/i) = — [h, S] for h belonging to a Cartan subalgebra of Lq. From the PBW basis theorem it 
follows that 

U = U- Uq U + = U-U+ , and 
U^U+UqU- = U+U-. 

This is easily checked by considering basis elements of Uq, U± and re-ordering the appropriate 
products into the standard ordered monomial basis of U, or vice versa by showing that the latter 
monomials can be expressed as combinations of the re-ordered product forms. 

We introduce finite-dimensional induced representations as follows |15[ 116] . Let Vq(A) be 
a finite-dimensional Lo- mo dul e with (dominant integral) highest weight A. Make Vo(A) into a 
C/ + -module by declaring yv = for y £ L + , for all states v € Vq(K). Define 

F(A) := U ® F+ Vb(A), F(A) *U-& V (A). 
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Definition 3.13: Kac modules for quadratic Lie superalgebras: 

Let J be the maximal invariant submodule of V(A). The Kac module V(A) is the irreducible 
factor module defined as V(A) := V(A)/3. m 

A crucial point in relation to this construction is due to Gould [8]: namely, that the (neces- 
sarily irreducible) module cyclically generated by the states S <g>v, v G Vo(A), is a factor module of 
every invariant submodule of V(A) . By appropriate reorganisation of weight labels, this observa- 
tion leads to the following direct construction of V(A) itself: 

Theorem 3.14: Modified Kac module construction by levels: 

Let Vb(A — 2pi) be a lowest weight Lo-module, regarded as a [/"--module by declaring yv = for 
y E L_, for all states v £ Vb(A — 2p\). Then the Kac module V(A) is isomorphic to the induced 
module US Vo(A — 2pi), that is, we have 

V(h)^U--S® t j_Vo{h-2p 1 ), or 

V{A) = (Q^Qis ■ ■ ■ Qi k ~S®v), ii < h < ••• < ik, < k < n,v £ V {A-2 Pl ). (14) 

Proof: See Gould [8]. ■ 

Each of the above subspaces of V(A) for k fixed is referred to as the subspace at level k, 
< k < n. By analogy with the Lie superalgebra case, the module V(A) is said to be typical if the 
level k = n subspace is nontrivial, {SS (2>tj v,v G Vq(A — 2p{)) ^ 0; otherwise V(A) is said to be 
atypical. 



4 The quadratic Lie superalgebra gl2(n/l) and atypicality condi- 
tions 

In this section we wish to apply the results of § §2131 and especially §3.21 Theorem 13. 141 to a specific 
quadratic Lie superalgebra, as a concrete case study. Several instances of (quadratic versions of) 
'polynomial super gl{n) J algebras were given in [TJ] using the notation gh^n/X + A*), to indicate 
that the even subalgebra is gl(n), and the odd submodule Lj ~ Vo(A) + Vo(A*) has the type I 
structure as in definition 13.111 above. Specific examples of A given in [H] are Ai, A3, or 3Ai, 
where the odd generators are either in the fundamental defining representation, or antisymmetric 
or symmetric rank 3 tensor representations of gl(n), respectively (denoted {1}, {1,1,1} and {3}, in 
partition form), together with their contragredients. The last two cases will be discussed briefly 
in the concluding remarks, fj5) Here we take up the case of odd generators in the fundamental 
representation, which we denote here simply gl^ty/l), by analogy with the Lie superalgebra case. 

4.1 General results and structure for gl 2 (n/l) 

The even generators are the generators of gl(n) in Gel'fand form, E' l j, i,j = 1,2, •• • ,n, and the 
odd generators are denoted Qi, Q J , i, j = 1, 2, • • • , n. In the notation of §3.21 we have gliinjX) = 
L = L^+Lq+L + with Lq = Lq = gl{n), L\ = L + +L- and L_, L + spanned by Qi, Q 3 respectively. 
The E l j have the standard commutation gl(n) relations 

W 3 ,E k t ] =5 j k E i e -5 i e E k j , (15) 
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while the components of Q form a vector, and the Q a contragredient vector, under the adjoint 
action of gl(n), 

[E'j,^] = 5 k 3 Q\ [E* r Q k ] = -b\Q 3 , (16) 

with {Qi, Qj} = = {Q l , Q J }- Finally the quadratic bracket relations between Q and Q read 

{Q\Qj} = (E'fj - (E)E i j - \V 3 ((E 2 ) - {E) 2 + (n-l)(E)) + c^-, (17) 

where {E 2 ) l j = E' l j t E k j, (E) := Yli (E 2 ) = Yli(E 2 ) l i are the linear and quadratic Casimirs, and 
c is a central term. Note that for the linear Casimir we have [(E), Q l ] = Q % ' , and [(E), Qj] = —Qj- 
In [H] it has been established that the structure constants implicit in these relations (I17p obey (pQ). 
As far as the factorisation of the enveloping algebra is concerned (see §3 . 2[) (|12p applies directly so 
that each of U± is finite-dimensional with 2 n components. 

The close relationship between gl 2 (n/l) and the Lie superalgebra sl(n/l) = A(n — 1, 0) is 
illustrated by the fact that the n = 2 quadratic case is degenerate: 

Lemma 4.15: Structure of gl2(2/l): 

The quadratic Lie superalgebra gl2(n/l) for n = 2 is degenerate and isomorphic to the Lie super- 
algebra sJ(2/l) = ,4(1,0). 
Proof: 

By direct evaluation of ()17p for the case n = 2, we find that the contributions to d Ptg k ' f ~ vanish: 

(Q\Qi}= -E 2 2 + c, {Q 1 ,Q 2 } = E 1 2 , 
(Q 2 ,Q 1 }=E 2 1 , (q\q 2 } = -E 1 1 + c. 

On the other hand the Lie superalgbra s/(2/l) has dimension 8, with odd generators R a , R b , 
a, b = 1, 2 transforming as doublet and conjugate doublet under the even part sl(2) + u(l) generated 
by J = (Ji, J 2 , J3), Z, with standard (anti)commutation relations 

[J, 12a] = — \&a b Rb, [Z,R a ] = —Ra', 

[J, if] = + \R b <r b a , [Z, R a ] = +7T; 

[Ji, Jj] =EijkJk, {Ra, R } = (J-"")a b + &a b Z, 

where i, j, k = 1,2, 3, and with the usual Levi-Civita symbol (the sign of the permutation (ijk)). 
These provide the structure constants cj k of sl{2), while the remainingstructure constants (ci p q and 
b pq k in the notation of ([1])) given in terms of standard Pauli matriceqj. The identification is given 
via Q a -> R a , Q a -> if, E x 2 -»• J+, £\ -> J_, with ±(£\ - £ 2 2 ) J 3 , -^i + £ 2 2 ) + c -> Z. 

■ 

Roots and weights of gl(n) are introduced as follows. Take the standard Cartan algebra 
E 1 i,E 2 2 ,--- ,E n n and positive simple root vectors E 1 2 , E 2 %, E a ~ x n . Consider Euclidean 
vectors in C n with basis ej and standard inner product (ej, ej) = 5y. The trace form in the defining 
representation associates each root vector E % j [i ^ j) with ei — ej. A <7Z(n)-module Vb(A) is a highest 
weight representation if there is a vector v\ with weight Aiei + X 2 e 2 + ■ ■ ■ + A n e n = (Ai, A2, • • • , A n ) 
annihilated by Ej, i < j with Ai > A2 > • • • > A n . Vq(A) is finite dimensional if A is dominant 



1 a = (cn, <J2, cr 3 ) with a 1= )' CT2 = ( i "0 )' a3 = ( -4 
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integral, with Aj — A^i £ Z + for i = 1,2, •• • , n — 1. In this notation the half-sum of positive roots 
is Po = \ [in— 1), (re— 3), • • • , (n+1 — 2r), • • • , — (n— 1)). Weights of the vector Q are evidently those 
of the fundamental representation, simply (1, 0, • • • ,0), (0, 1, 0, • • • ), • • • , (0, 0, • • • ,0, 1) and the 
weights of the components Q are the negative of these. The quantity p\, the half-sum of positive 
odd weights, is pi = 1, • • • , 1, 1) (which coincides with the usual half-sum of positive odd roots 
in the gl(n/l) case). Finally note that the eigenvalues of the quadratic and linear Casimirs in the 
highest weight representation Vb(A) are C\ = J2 r ^r, and C2 = A r (A r + n + 1 — 2r), respectively. 

We now proceed with the concrete steps elaborated in §3.21 for the construction of irreducible 
modules of gl2(n/l). Let A be a dominant integral gZ(n)-weight and consider the corresponding 
weight A' := A — 2p\ (which is also dominant integral). Take a lowest-weight gl(n) module Vo(A'). 
Introduce as before S in the form 



1 



S — ,^-i\l2-inQ Q '"Q 



with the help of the Levi-Civita tensor e^^...^. Then from §3.21 Theorem 13.141 and following [3 [9], 
we have for the irreducible gl2{n/\) Kac module associated with A, 

V(A) (Q h Q i2 ■ ■ ■ Q ik S®v, h < i 2 < ■ ■ ■ < i k , 1 < k < n, v e Vb(A')> , (18) 



with the tensor product of type <&jj . This equation (|18p is the key construct from which the 
structure of the irreducible module can be derived. As we shall see, tensor projection methods can 
be applied, which explicitly give rise to patterns of vanishing of certain combinations of operators 
Qi±Qi 2 ' ' ' Qi k applied to S (8) v, depending on the components of the highest weight vector A = 
(Ai,A2,--- ,A n ), and central charge c. Firstly we record important basic relations between the 
generating multinomials of (I12p above. In addition to S above, introduce the following auxiliary 
quantities: 

S = y^ill2---inQ Q ' ' ' Q > 

n\ 

Q^Q* 2 ■■■Q ik =(-l)^"- fc )(^- 1 )e ili2 --^+i--- i "5 ifc+lifc+2 ... in . (19) 



Lemma 4.16: Calculus of multinomial odd generators: 

The quantities ()19|) satisfy the following relations: 

0*5 =0, 
Q S j = S j S j 



Q Sjk = 5 jSk — 5 fe5j, 
Q l Sjke--- =5 t jSt C £... — S L kSji... + 5 % zSjk... + • • • , 
[E j^Si^.-.i^ =5 jSi 1 i 2 ...i k — 8 i l Sji 2 ...i k — ■ ■ ■ , (20) 



whence [(E),Si x i 2 ...i k \ = (n — k)Si 1 i 2 ...i k . Moreover, we have 

[Qi, S] = S^A i = Ai S'/j, 

J 1 "o rjki 

>jj — &ke-E> ij 



[Qi, Sj] = SkeB M ij, (21) 



12 



where the quantities A, B are 



A*j = (E 2 )^ - {{E) + {n-2))E i j - ^^((E 2 ) - (E) 2 - (n-3)(E)) + (c - (n-1))^, 
B ke tj = {{E 2 ) k l 5 l j - (kl)) - {E k i 8 i i - (M))((E) +n-3) + (8 k i E t j - (k£)) 

- l[6 k i^j - (k£))((E 2 ) - (E) 2 - (n-5)(E)) + {5 k i 5 i 3 - (W))(c-(n-2)). (22) 

Proof: 

(|20p is proven by explicit calculation using the anticommutation and commutation relations. For 
the first step of ([21]), Q22D we have from Q m 5 = 0, the bracket 

= [Q i5 Q m 5] = {Qi, Q m }5 - Q m [Qi,S] 
thus {Qi, Q m }5 =Q m 5 fc A fc i = SA m i; 

so SA™ = {{E 2 ) m t - (E)E m i - \5 m i{{E 2 ) - (E) 2 + (n-l)(E)) +c5 m i )'S 

from which the form of A m i, and subsequently Ai m , can be read off by appropriate shifting, for 
example E k gS = S(E k e + n5 k e), and similarly SkE k i = (On - 1)5 k - E k )Sk- The second step 
proceeds analogously, starting firstly with [Qi,Sj] = Ski.B M ij and hence Q m [Qi, Sj] = 2S^B ml ij] 
on the other hand noting 

[Qi,Q m ~Sj] = {Qi, Q m }Sj - Q m [Qi, Sj] 

we can rearrange using also Q m Sj = 5 m jS to get 

2S,B m \ 3 = {(E 2 ) m l - {E)E m i - \8 m i({E 2 ) - (E) 2 + (n-l)(E)) + cS m i )'S j - 5 m j S k A k i 

which allows B mi ij to be inferred by shifting the terms in even generators to the right hand side 
as before. 



4.2 Review of polynomial characteristic identities and shift operator analysis 

for gl(n) 

In §3-H Lemma 13.121 (|11|) . we gave following [2] a very general way of identifying objects in 
the enveloping algebra U(gl(n)) when acting on an arbitrary gl(n)-module Vq(X). In the case of 
the standard gl(n) Gel'fand generators, the — E t j are the matrix elements of the object (jlip in 
End(Vo(Ai) <8> End(Vo(X))). As has been shown in [TUJ, [2] (see also [7] and [El [9] for applications 
to Lie superalgebras), these objects satisfy a certain polynomial characteristic identity, of the 
form n s (-E — a s) = 0) where general matrix powers of the array E are defined (extending the 
notation used already) by (E ) l j = 5 l j, (E^^Yj = E 1 k (E m ) k j . The roots are dependent on the 
components of the highest weight A via a a = X s + n — s, s = 1, 2, • • • ,n. Dually there is an analogue 
identity Ils^ — = f° r ^ ne array Ei> = —E\ with its matrix powers defined analogously, and 
a s = n — 1 — A s . 

Let V, W be gZ(n)-modules, and consider a tensor operator T - that is, a map T : V —■ 
End{W) which intertwines the action of the Lie algebra, in the sense that [x,T(u)] = —T(x ■ v) for 
each v 6 V. Since x ■ T(v)w = T(—x ■ v)w + T(v)x ■ w, the space T(V)W is isomorphic to the tensor 
product V*®W . If V = C n , identified as the fundamental representation Ai, the object T is termed 
a vector operator, and the Tj := T(ej) with respect to the standard basis form the components of T. 
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Correspondingly if V = C n is identified with the dual rather than the defining representation 
A\ of gl(n), the corresponding object, say T, is called a contravariant vector operator, and its 
components are T* := T{f l ) with respect to the standard dual basis. 

For (contravariant) vector operators, the polynomial characteristic identity can be used to 
provide a resolution into a sum of shift operators, themselves vector operators, using projection 
operators, 

n 

Ti = ^Tiis], Tils] := P[s]i k T k = T k P[s] k u (23) 

s=0 

with similar expressions for T l , where each projection operator is built from the appropriate mono- 
mial factors of the polynomial identity, namely 

m rw.(£-<v) T[c] _ n^-y 

Clearly, E^P^j = a a P\tfj and P[s]i k E k j = a s P[s]i j . If W = V (X) with highest weight A, by 
construction [10] T[s] (or T[s]) only has components in the gl(n) module with highest weight A + <5 S , 
where 5 S is a weight of A J (or Ai, respectively). An important aspect of the polynomial identities 
is the following |10| . Although generically the identity is of degree n, in practice an identity of 
reduced degree may hold. If 5 S is a weight of Vb(A*), then the factor with root a s is retained only if 
A + 8 S is a dominant integral weight. Correspondingly, the projectors P[s], P[s] for non-dominant 
weights A + 5 S vanish identically, and the decomposition of Tj is only over the remaining nonzero 
shifts. With these enveloping algebra methods in hand we turn to the analysis of the structure of 
the Kac modeules for gl2(n/l). 

4.3 Shift operator analysis and atypicality conditions for gl^n/l) 

We return to (fTSj) following (fT4"|) . Theorem 13.141 Consider the first level, the states QiS <S> v 
for v € Vo(A') and i = 1, 2, ••• ,n. It is evident from (|16p above that their span is isomorphic 
to the g/(n)-module Vb(A*) <S> Vo(A'), the tensor product of the starting module Vo(A') with the 
contragredient vector representation, with highest weight A^ = (0,0, ••• ,0,-1). The following 
analysis relies on the resolution of the structure of this tensor product as a direct sum of irreducibles. 
Abstractly, this is of course done by inserting the corresponding projection operators; however, it is 
clear from §4.21 above that we can identify the Qi formally as the components of a vector operator 
Q which admits a covariant decomposition as a sum of shift components Q = ^ r Q[r], each of 
which is also a vector operator, but which maps to states of only one specific irreducible summand. 

Theorem 4.17: First level atypicality conditions for (^(rc/l): 

Let 8 S be a weight of Vq{K\). The irreducible Kac module V(A) contains the gl(n) submodule 
Vo(A + 5 S ) iff A + 5 S is a dominant integral weight, and a s (Ai, A2, • • • , A n ) 7^ for a certain poly- 
nomial function in the highest weight labels. 

Proof: 

We follow the method used in Gould [8j for the Lie superalgebra gl(n/l). Apply the tensor pro- 
jection method outlined above to establish that the level one subspace (QiS ® v\ is the direct sum 
of projected parts (Q[s]iS <S> w). Using the definitions and rearrangement identities, and the tensor 
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product 5 we manipulate the spanning states as follows: 



Q[ 8 ]iS ®v= P[s]i k Q k S ®v = P[s]i k (S k A k i) ® v 

= {S k A k e )P[s] e i <g> t> = (S k A k e ) ® P[ a ft w = S fc ® ^ fc 




(24) 



where in the last step, thanks to the characteristic identity, and the properties of the projectors 
noted above, E\P[s] k j = a s P[s] l j and P[s]i = a s P[s}^ , the operator A l j reduces to the 
form a{a' s ,C' l ,C' 2 )5 l j by substituting the root a' s 8 l j for E*j, with a{a' s ,C l l ,C' 2 ) the corresponding 
polynomial in a' s = A s — 1 + n — s, and the Casimir eigenvalues C[, C' 2 in the representation Vo(A') 
carried by the states v. Denote the corresponding polynomial of the components of A = A' + 2p\ 
by a s (A) = a s (Ai, A 2 , • • • , A n ). 

■ 

For the second level states, the projected parts of the antisymmetric tensor QiQjS acting 
on Vb(A') are needed. The decomposition is known to be [SI [S] Q[r,s]ij = Q[r]iQ[s]j + Q[s]jQ[r]j 
for each weight 5 r + 5 S of Vo(A|), 1 < r < s < n. Rearrangement of the tensor projections 
acting on B k \j leads to a formulation equivalent to (j24[) . giving criteria for the presence of the 
contributing even modules. For the purposes of this paper we give in the appendix, £ jA.3l a 
summary of the combinatorial manipulations which would be needed explicitly for this (and higher) 
levels, and provide a conjecture (Theorem IA.23I ) on the nature of polynomials a rs (Ai, A2, • • • , A n ), 
(a rS f (Ai, A2, • • • , A n ), • • • ) governing the structure of atypicality conditions in such cases. 

Although we have not given the complete structure of atypical modules for glzfo/l) in closed 
form, the general approach is clear. The general level one result, Theorem 14.171 demonstrates the 
combinatorial complication of the quadratic case. A unique feature which does not exist in the 
same way for Lie superalgebras is the emergence of classes of truncated atypical irreps wherein 
all potential even irreducible modules at a given level are annihilated as a result of polynomial 
identities satisfied by the even generators. For gfofo/l), nontrivial cases associated with quadratic 
identities can be sought at level one and two, denoted zero- and one- step atypicals respectively 
(Theorem I4.2QH . To finish our examination of glz(n/l) we turn to a more systematic examination 
of these cases. In the same vein we give a complete formulation of atypicality criteria at level 1 
(Corollary 14.190 for a class of Kac modules V(A) for which the even generators satisfy a quadratic 
characteristic identity on the top even module Vo(A). 

4.4 Classes of atypical modules for gl 2 (n/l) 

The above results are complete but rather implicit. We have not given a s (or equivalents such 
as a rs at higher levels, §A.3h explicitly as polynomials in the components of the highest weight 
vector A, as the expressions are tedious and non-transparent in this form. We finish this section 
with some examples of atypical modules, for the family of Kac modules with gl(n) highest weight 
A = (/x, fj,, ■ ■ ■ , fj,; v, u, ■ ■ ■ ,u) = (fj> r , v n ~ r ) in Cartesian components, where /i — v 6 Z + and r = 
1, 2, • • • , n — 1. An alternative parametrisation is \x = w + k, u = w where k € Z + , which makes it 
clear that the gl(n) modules Vo(A) that we consider are rational (tensor density) representations, 
equivalent to the direct product of a finite-dimensional tensor representation with highest weight 
(k, k, ■ ■ ■ k, 0, • • • , 0) = (k r , n ~ r ) (represented by a rectangular r x k Young diagram), with the one 
dimensional character det w . Define 



fj, := fj, + n — r. 



v := 1/, for r = 1, 2, • • • , n — 1. 
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The characteristic identity in this case is quadratic, so that there are generically only two projections 
at each level, only two roots to deal with, and simple expressions can be given for the a s , and 
related polynomials. The case r = n (or equivalently r = 0) requires a separate discussion as the 
characteristic identity becomes linear (with only one root). Firstly we collect some relevant data 
about the characteristic identity and invariants. 

Lemma 4.18: Characteristic identity and Casimir eigenvalues for A = {^ r ,u n ~ 1 '): 
Consider the class of Kac modules of gl 2 (n/l) with A as above. In terms of the quantities ~p, V 
defined above, we have the following data for operators acting on states v G Vq(A'): 

(i) The Gel'fand array satisfies the quadratic matrix identity 

E 2 - (/I + I7- 2)E + (/Z- l)(z7- 1) =0. (25) 

(ii) The linear and quadratic Casimir invariants are 

C[ =rJI+{n-r)V -r{n-r) - n, C' 2 = (p, + V - 2)C[ - n(/Z - 1){V - 1). (26) 

(iii) The adjoint operator A takes the form 

A*j = - [(r - 1)/J + (n - r - l)V - r(n - r)] E l j+ 
+ [c — n+l + (^n — l)(]I—l)(V— 1) + 5 (rjl+(n— r)(y — r) — n) ((r— l)/Z+(n— r — l)z7— r(n — r) — l)] 8 

(27) 

(iv) The operator B takes the form 

B M ij = [( r -l)/Z+ ( n -r-l)l7-r(n-r)-l](^) M i i - [rp+(p-T)V-r(n-r)-3](SE) kt ij + 
+ [c-n+l+A(n-l)(/2-l)(z7-l)+ 

+ ^(r~fi+(n — r)l7—r(n—r)—n) ((r— l)p+(n— r— l)v— r(n— r) — l)] (5S) ki ij, 

(28) 

where we define the antisymmetric tensor combination (XY) ki ij := (X k iY e j — X^iY k j) for 
adjoint operators X k i, Y*j (including 5 k i). 

Proof: 

fj,, v are by definition the roots of the quadratic identity satisfied by E. C[ is simply the 
sum ^r=i-^r) while C' 2 follows by taking the matrix trace of the characteristic identity (or 
directly from the standard expression for the Casimir invariant in terms of the highest weight 
labels). 

(iii),(iv) : 

Directly from (J32J), substituting (J25J and ((26]). Again (E) = C[, (E 2 ) = C' 2 appropriate to 
Vo(A'). Schematically let us express the quantities A, B from (I22p as 

A*j = (E 2 )^ - ax&j + oq, 
B^ u = (E 2 5f k e - h(E5f ke - h{SE) ij u + b (8Sf M , (29) 
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where 

a x = C[ + n - 2 a = c - (n-1) - |(C^ - (C[) 2 - (n-3)C(), 

6i=ai-l, h = -l, bo = c-(n-2)-±(C! 2 -(C[) 2 -(n-5)C[). (30) 

Finally substituting 

(E 2 )^ =s'E i j -p'Fj (31) 

where s' := Jt +V — 2, p' = (/I — l)(v — 1) as above leads to 

A'j =( s ' - ai )E i j + (a -p'), 
B % = ( s > - hXESfu - b x {5Ef ki + (b - P ')(55yhi (32) 

whose coefficients are expanded in full in (iii), (iv). 



Corollary 4.19: First level atypicality conditions for gl2(n/l) Kac modules V(jJ, r , v n ~ r ): 
Let a r (~p,T')5 t j, a n (ji,T')5 l j be the polynomials arising by replacing E l j by (~p—l)5 l j, (u — l)8 l j, 
respectively, in the expression for the effective form of A l j above. Then the atypicality conditions 
for the gfoin /l)-module V(f/ ,i/ n ~ r ) are: a r (jl,V) = and a n (7i,X 7 ) = 0. 

Proof: 

From Theorem 14. 171 (see (I24p ). atypicality is signalled by the vanishing of P[s\i k A^ = a s P[s]^ for 
each root 5 S of Vo(AJ) such that A' + 5 S is dominant integral. In this case the only choices are 
s = r, s = n, for which P[r] k E^ = (jl— l)P[r]^ and P[n] k E^ = (y — l)P[n]^ , respectively. ■ 

Theorem 4.20: Zero- and one-step atypical (n/1) Kac modules V(/j, r , v n ~ r ): 

(i) The Kac module V(p, n ) is of zero-step type (level even submodule only, V(fi n ) = Vo(/j, n )), if 

the following condition holds (n > 3): 

L.±l)' = (±l)'. i * ., (33 , 

y n-2 J y n -2 J (n-l)(n-2) v ; 

(ii) The Kac module V(/j> r , v n ~ T \ r = 1, 2, • • • , n is of zero-step type (level even submodule only, 

V{n r ,u n ~ r ) V (/j r ,v n - r )), if the following conditions hold (n > 3): 

(r — 1)/I + (n — r — V)v = r(n — r), 

and L-^)(^?±r\ = (?±i) 2 -?2±±. ( 34) 

\ n J \ n J \ n J n 

(iii) For highest weight A = (//,!/"*) there are no gfoin/l) atypical modules of one-step type 
(level 1 and level 2 even submodules only) for n > 3. 

Proof: 
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(i) This case cannot be obtained from case (ii) as the characteristic identity is linear - that is, 

the module Vb(A') is one dimensional with E l j = n'5 l j, // = fj, — 1, and so {E 2 ) l j = fJ,' 2 5 t j, 
C[ = rifj,', C 2 = nil . Making these substitutions directly into A l j given in (|27|) leads to (|33p . 

(ii) From Theorem 14.171 and (|24|) . V{[f ,v n ~ r ) = Vo(/U r , z^ n_r ) entails the simultaneous satisfaction 

of both level one atypicality conditions, namely a r (jt,17) = a s (7i, v) = 0. If 7i ^ V the situation 
is equivalent to the vanishing of the adjoint operator A l j on Vo(A') in the induced module 
construction. From (|27f) . the numerical coefficients of both E % j and 5 l j must vanish. The 
second of (|34p arises from the vanishing of the 5 l j coefficient by use of the first condition, and 
rearranging (assuming n > 3). 

We give an alternative demonstration of the existence of zero-step modules in a slightly more 
general context. Although derived from the vanishing of QiS <S) v = Sj A J {V, that is, the 
vanishing of the operator A? \ acting on the states v belonging to Vo(A'), the outcome is of 
course that the atypical Kac module V(A) is in fact isomorphic to Vo(A) itself, with the odd 
generators represented as identically zero. This can only be the case if the anticommutator 
{Q , Qj} = C l j is such that C l j vanishes on Vo(A). 

We can confirm this in a general way as follows. Let the quadratic characteristic identity be 
= Q n j = (E 2 ) l j — s'E % j +p'5 l j acting on Vb(A'). Here s', p' are the sum and product of the 
roots, respectively. Identifying Q' l j and A l j we have 

s> = C[ + n - 2, p' = c - n + 1 - \(C 2 - C[ 2 - (n - 3)C[). 

On the other hand, on Vo(A) itself we have C\ = C[ + n, C2 = C 2 + 2C[ + n, the characteristic 
identity entails the sum and product s' + 2, p' + s' + 1, respectively. With these interrelations 
it is easily shown that, if the identification between Q' and A (acting on Vq(A')) is made as 
above, then the appropriately adjusted quadratic identity Q, and the anticommutator bracket 
C (as given in (fl~T|) . are indeed also identical on Vb(A). Thus at least for the zero-step atypical 
case, the constraints are available directly from the structure relations without the need for 
the induced module construction. 

(ii) From the discussion following Theorem 14.171 one-step atypical representations require the 
vanishing of all tensor projections of the states QiQ m S <g> v, that is, we require 

= QiQ m S ® v = QiSjA j m v + QiSQm (g> v 
= (S k tB M ij + SjQi)A> m <g> v 

= S ke B ki ij Ai m ®v, (35) 

where in the first line we have used SQ m (8) v = S ® Q m v = 0, and in the second line 
Sj <8> QiA J m v = Sj <S> [Qi,A^ m ]v = Sj <8> Ci m ^ k QkV = for some even elements Cj m jfe . Thus 
we require simply B ke ijA 3 ' m v = 0. 

Using the explicit expressions for the forms of the tensors B and A given earlier, and ex- 
ploiting the quadratic characteristic identity for E, this condition can be reduced to a set 
of numerical constraints on certain operator coefficients as follows. Recall the schematic 
notation introduced previously, 

A i j =(E 2 ) i j -a 1 E i j + a , 
B^ u = {E 2 6f H - h{E5f M - h(6E)v M + b (55f kl , 
{E 2 ) i j =s'E i j -p'5 i j . (36) 
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n 


3 


4 


5 


6 


7 


7 


7 


8 


9 


9 


10 


10 


r 


2 


2 


2 


2 


2 


3 


4 


2 


2 


5 


2 


4 


k 


1 


2 


3 


4 


5 


2 


1 


6 


7 


1 


8 


2 



Table 1: Zero-step atypicals: gl2(n/l) Kac modules V(k r ,0 n r ) for n = 3,4, • • • ,10 

Expanding and using the quadratic identity leads to 

A i j = (s'-a l )E i j + (a -p'), 
B M i] A^ m = (s'-a^s'-b^EEf 1 ^ + (a -p')(s' -h)(ES) M 

((a , -a 1 )(foW-j/)-(a V)&i)(^ W ^ 

Taking the vanishing of the numerical coefficients in turn, for the (EE) term we have either 
s' = a\ or s' = b\. Setting s' = a\ means b\ = —1 and so the second term requires ao—p' = 0, 
and we trivially recover the zero-step case. If s' = bi, the (SE) coefficient becomes ao — bo = s' 
or, C[ — 1 = C[ + n — 3 which leads to the degenerate Lie superalgebra case n = 2. 

■ 

As a final illustration we give in Table [1] concrete instances of zero-step atypical modules 
for various low-dimensional cases. For these purposes assume w = 0, that is, we take [i = k and 
v = for true tensor representations. Further, we can regard the second of (|34p as the defining 
condition for the central charge c given the choice of other labels, and so we present solutions to 
(|34b ). namely (r — \)(k + n — r) = r(n — r), r = 2, • • • ,n— 1 (see Table[T]). More generally it can be 
seen from both parts of (I34p that simultaneous solutions may exist for /i and v for arbitrary fixed 
parameters n,r, c, but that the requirement /x — v € Z + is a severe restriction. 



5 Discussion and Conclusions 

In this paper we have developed the structure and representation theory of a distinguished class 
of ^2-graded polynomial algebras of degree 2, which we have termed quadratic Lie superalgebras. 
Their defining relations and PBW property have been formulated and proven along the same lines 
as for Lie superalgebras (but using the property of Koszulness in the quadratic case). The 'type I' 
class includes several examples studied earlier inspired by various physical contexts. Some general 
observations on the structure of the structure constants and the generalized Jacobi identities have 
been made, although a classification is not feasible with present methods. Given the PBW Theorem 
for the enveloping algebra, the balanced type I case admits a formulation of induced modules 
following Kac and especially the modified construction of Gould. A specific case, the quadratic 
modification of the simple Lie superalgebra sl(n/l), denoted here gl2(n/l), has been considered in 
detail, and tensor projection techniques used to expose the structure of level 1 atypicality conditions. 
An outline of the application of these methods has been provided for the analysis of induced modules 
at level > 2, and a conjecture given for atypicality conditions at level 2. 

A new feature not present for the Lie superalgebra case but which distinguishes the quadratic 
(and presumably all polynomial cases) is the existence of truncated atypicals, where all states of 
the Kac module at a certain level can vanish due to polynomial identities satisfied by the even 
generators at a given level. These have been investigated at level one and two for a class of Kac 
modules of gl2(n/l) where the even Gel'fand generators satisfy a quadratic polynomial identity; the 
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corresponding truncated modules are denoted as zero-step and one-step modules, respectively. It 
has been found that zero-step modules are a generic feature of this class, whereas there are in fact no 
one-step modules. This is in contrast to gl(n/l). In that case, appropriate graded tensor products 
of the defining representation lead to atypical modules with a simple combinatorial structure, for 
example with decomposition into gl(n) of the form kA\ + (k — 1)A\ in highest weight notation (or 
{k} + {k — 1} in partition notation). 

Let us recall the context of constructions of quadratic superalgebras arising from the study of 
gauge invariant fields in Hamiltonian lattice QCD |14|.ll3j and the relevance of atypicality conditions 
therein. Examples of composite operators arising in those studies were the baryonic type fields 
ipijk = £ abc CaiCbjC c k and tp^ k = ^ abc CaicljC^ ck , where i,j, k = 1,2, ••• , n are spatial lattice, spin 
and flavour labels, and a,b,c = 1,2,3 are colour labels, for fermionic creation and annihilation 
operators c, c^. On the other hand, a related construction of gauge invariant fermions a, led 
to the colourless composites Qijk = aidjCik, Q l ^ k = a\a^a\. Clearly, the objects ipijk, ^ k and 
Qijk, Q l ^ k have anticommutator brackets quadratic in the corresponding even gl{n) generators 
E l j = c^Caj and ajdj, respectively, yielding instances of the class I type quadratic superalgebras 
with odd generators in the non- fundamental representations with highest weights 3Ai and A3, 
respectively - that is, the quadratic Lie superagebras ghin/ 3 Ai+3A^) and gl2{n/ A3+A3) (see also 
£JU introduction). 

The role of atypical and zero-step modules can be appreciated when the action of the Q, 
Q generators in the usual fermionic Fock space is considered. Take for instance n = 4 (the case 
gl2 (4/ A3 + A3)) and consider the 6 occupation number 2 states a\na} n \Q) (corresponding to the g/(4)- 
module A 2 ). Clearly by normal ordering, the Qijk annihilate these states, and equally so do the 
Q^ k - there are no 5-particle states. This situation can be explained abstractly as follows!. Firstly, 
note that the anticommutator bracket {Qijk, Q pqr } can be displayed in the form of a polynomial in 
the standard generators £^ k pqr which are the matrix elements of the object (jlip in End(Vo(A^) <S> 
End(V {A)), namely {Q,Q} = -f(£ 2 - (n + 3 - N)£ + 4), where £ ijk pqr := \{E l p 5 j q 5 k T ± • ■ ■ ) 
(3 2 x2 = 18 terms), the unit is the corresponding antisymmetric tensor 5 kirn pqr := ^(5 k p 5 i q 5 m r ±- ■ ■ ) 
(3! = 6 terms), and N is the number operator ^2 a\ai. The roots of the characteristic identity for £ 
correspond to weights 5 in Vb(A3) such that A+5 is dominant integral. In this case for n = 4, N = 2, 
A = A2 and in Cartesian components A2 = (1,1,0,0), A3 = (0, — 1, — 1, — 1) and the appropriate 
weights 5 are (0,-1,-1,-1) and (—1,0,-1,-1). From (fTTI) . the corresponding roots are 1 and 4 
respectively (see also [TO]), and we recognise that for this case (as n + 3 — N = 5), the occupation 
number 2 states indeed form a zero-step atypical representation of the associated quadratic Lie 
superalgebra, 5^2 (4/ A3 + A3). Similar considerations apply for other low dimensional cases of Fock 
space constructions of such superalgebras. 

In conclusion we note that a considerable literature exists on the subject of (homogeneous) 
algebras and superalgebras which could be drawn upon to elucidate some of the representation- 
theoretical questions encountered in this study. We cite in particular |11} [T2] for homological 
aspects, and [6] for constructions related to free differential algebras (see also [19]). 
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A Appendix 



A.l Algebras of PBW type 

We present here the required proof of the PBW property of the homogeneous graded quadratic algebra 
U(l2) (Lemma 12.91 in the main text) in a slightly more general context than is required for quadratic Lie 
superalgebras. For the time being we work in any field K of characteristic zerc£| 

Theorem A. 21: PBW algebra: 

As before let {w a , a = 1, • • ■ , m + n} be a fixed homogeneous basis for L, and consider the defining relations 

w a w b = (-l) |a||b| u;bu; a + d ab cd w c w d 

which generate the ideal 12- Then the homogeneous quadratic algebra U(l2) = T(L)/ J(I 2 ) is a PBW-algebra 
iff an index ordering exists such that only those d a b cd are nonvanishing for which both c and d precede a 
and b. 

Proof: 

if- 

Fix a total ordering on the index set {1, 2, • • • ,m + n}. Following Priddy [19] (see also Krahmer |17j). we 
begin with the distinguished set S of label pairs, which will control the choice of objects in the enveloping 
algebra at degree 2 and higher. Generically, for S are selected all pairs (a, b) for which w a Wb + I2 ^ 
(w c Wd + I2, (c, d) < (a, 6)), where pairs are compared lexicographically. Then S = Si generates in turn the 
set S m -i = {(ai,a2, ■ ■ ■ ,a m ) | (0^,0^1) G S,i = 1, • • • , m— 1} of chains of m— 1 successive admissible pairs, 
m > 2. To each M 6 iS m _i, is associated the corresponding word % = w ai w a2 ■ ■ ■ w am of length £(M) = m 
mU(I 2 ). 

Now observe from above that in the present case, the defining quadratic relations of 1% may always 
be written such that the product w a Wb on the left hand side has a > b. For the fixed total ordering of 
{1, 2, ■ • • , m + n}, we now make the assumption that both a and b are greater than c and d whenever d a b cd 
is nonzero - every product of the form w a Wb, a>b, may be written as a linear sum of products of the form 
w c Wd, c < d. Thus these ordered pairs all belong to S. Beginning with the pair (1, 1), one may successively 
add all pairs of the form (a, b) where a < b if \a\ = \b\ = 1 and a < b otherwise. Hence the set S m -i, 
m > 2, simply consists of all ordered m-tuples, where here and for the sequel, ordered now means that the 
even (odd) indices are weakly (strictly) increasing. To each such m-tuple (word) M = (ax,a%,--- ,a m ) we 
associate the ordered monomial wm '■= w ai w a2 ■ ■ ■ w am . 

We adapt the method of Serre [21] to show that these ordered monomials are a linearly independent 
basis for U. Let V be the K-vector space with basis {zm}m indexed by all admissible ordered words 
(including for the empty word), that is, all m-chains , m = 0, 1,2, For M — (01,02,- •■ ,a m ) and 
a < ai (or a — a\ and w a G Lq) we shall say that a < M and let aM = (0,01,02,- •• ,a m ). Otherwise 
we write a > M. We show that V can be made into a [/(^-module in such a way that w a ZM = ZaM 
whenever a < M. Given this, the linear independence of the wm is easily shown. For it is clear by induction 
that wmz% — zm, so if = J2 c mWm where cm € K, then = Y1 c mWmZii i = J2 c m z m- However, this 
immediately implies cm = 0, because the Zm are linearly independent by assumption. 

The remainder of the proof consists in establishing the correct module action on V, which we do in 
the selected basis {w a }- We need to define w a ZM for all a and M. We may assume by induction that WbZN 
is defined for all b when £(N) < £(M), and for b < a when £(N) = £(M). We assume this has been done in 
such a way that WbZN is a K-linear combination of zl's with £(L) < £(N) + 1. We set 

{ZaM, if a < M; 

(-l)\ a W b \w b w a z N + d a b cd w c WdZN, if M = bN with a > b; (A-l) 
^d ab cd w c WdZN 7 if M = aN and w a e Lj. 

3 In their study of nonlinear conformal superalgebras, De Sole and Kac (see for example 0]) have noted that the 
PBW property holds on very general grounds. However, for completeness, and because the method can be adapted 
to more general cases, we provide here an explicit, constructive proof. 
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If either \a\ = or \b\ = then it is clear from the inductive assumptions that the above are well defined 
since d a b cd — 0. For the case \a\ = \b\ = 1 then (c, d) < (a, b) implies that the quadratic term is well defined 
by inductive assumption also. We need only show that 

WaWbZN = (-iy a ^WbW a ZN + d a b Cd W c WdZN (A-2) 

for all a, b and N. Due to the (graded) antisymmetry of (IA-21) we may assume a > b and a > b for the case 
\a\ = \b\ = 1. By induction on £(N) we may assume that 

w a w b z L = (-l) |a||b| w fc w a z L + d ab cd w c w d ZL (A-3) 

holds for all w a ,w b for 1{L) < £(N) (since fOt is true for N = 0). If \a\ = or |fe| = then d c a d b w b w a = 
and (| A-2|) is true. If \a\ = \b\ = 1 then (|A-2[) is true for b < N, this follows from the second case of the 
inductive definition (|A-lj) . and we need only consider the case b> N. Let N — cL, thus we have a > b > c 
and (|A-2ll becomes 

(a, b, c) yaUbUcZL + UbVaVcZL = d e J b x e Xfy c z L . 
We permute the a, b, c cyclically to obtain the equations 

(b, c, a) VbVcVaZh + VcVbVaZh = d e b f c x e x f y a z L , 

(c, a, b) VcVaVbZL + VaUcUbZL = d e J a x e Xfy b z L . 

By inspection of the ordering of cases in (|A-1[) we see that equations (6, c, a) and (c, a, 6) are true under the 
inductive assumption; and similarly, by (|A-3[) . the right hand side of (a, 6, c) becomes 

d e a {x e Xfy c z L = y c d e J b x e XfZ L = y c (y a yb + yby a )zh = (y c y a yb + y c ybVa)zL- 

We apply this to the right hand sides of equations (6, c, a) and (c, a, 6), and it is easily checked that 
(a, 6, c) + (6, c, a) + (c, a, 6) becomes a trivial identity; hence (a, 6, c) is true. 

only if: 

Let us assume that d^ b is non zero for some \a\ = \b\ = 1, |c| = |e!| = where at least one of c or c? is greater 
than a or b. It follows from 

VaVb = -2/fc2/a + d c ab x c x d 

that both (a, 6) and (6, a) belong to S, and we shall show that this leads to a linear dependence between the 
PBW monomials generated by S. We have 

= {yaVa)Vb - VaiVaVb) 

= ^d a d a x c x d y b - y a (-y b y a + d c a d b x c x d ) 

= ^d a d a x c x d y b + y a yby a - d cd b y a x c x d (A-4) 

and it remains to prove that right hand side is a non trivial sum of PBW monomials. It is clear that (a, b, a) G 
1S3. The terms of the form y a x c x d and x c x d yb may be reordered in any way due to the commutativity of any 
even-even or odd-even pair, so one needs only to show that some permutation of y a x c x d is a PBW monomial 
for all \a\ — 1, \c\ = \d\ — 0. Since x c x d — x d x c and d ab is c-<i-symmetric for all a, b it follows that € S 
whenever i < j and \i\ = \j\ = 0. Similarly, the only relations involving pairs of odd and even indices are 
y a x c = x c y a , Va, c, hence a < c =>■ (a, c) S S and c < a =>• (c, a) e 5. Therefore at least one permutation of 
(a, c, d) and (c, d, 6) will always belong to £3. Since none of these are equal to (a, b 7 a) the right hand side of 
(|A-4p is a non trivial sum of PBW monomials. 

■ 

Lemma A. 22: : 

Let A be a PBW-algebra. The ordered monomials generated by any total ordering of the basis elements of 
X are a basis for A. 
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Proof: 

Let I be an arbitrary ordering of the basis elements in X. We may write for example Xi x < yi 2 < Xi 3 < 
x ii < Vis < •••) where < means < when relating two even elements. / induces an ordering Iq on the 
even subspace, Xi ± < Xi 3 < Xi 4 < and similarly l\ on odd subspace, yt 2 < yi 5 < .... Let I be the 
total order on X that respects both Iq and I\ and orders all of the even elements before the odd, i.e. 
x tl < x i3 < x i4 < ...y i2 < y is < .... By (|A.21I) the ordered monomials generated by I are a PBW-basis 
for A and each one of these monomials is equivalent, modulo J(R), to a unique monomial ordered by the 
abitrarily chosen ordering / (pairs of odd elements do not need to exchange places). 

■ 

(Note in particular that any ordering such that the even elements precede the odd is a satisfactory 
condition for A to be a PBW-algebra) 

A. 2 Generalised Jacobi identities in the quadratic Z 2 graded case 

It is possible to approach (J1-J3) in component form for a generic Z^-graded quadratic algebra, and then 
specialise to the quadratic Lie superalgebra case. Thus we take the generators of I to be (dropping the 
tensor product symbol ® for ease of writing) 

w a w b - (-l)^w b w a - d ab cd w c w d - c e ab w e - h ab , 

with general structure constants b, c, b and \ab\ = \cd\ = \e\ in the above summations over repeated indices. 
Thus the generic element of I2 is 

Wab = W a W b - (-l)^W b W a - & ab Cd W c Wd 

and the projection maps are a(w ab ) — c e ab w e , /3(w a b) = bafe- 

We identify generic elements of L ® I2 H I2 <8> L, by identifying linear combinations of elements of the 
form w a w bc with those of the form w ab w c . In the standard Lie superalgebra case, the required basis elements 
are 

w a (w b w c -(-l)^w c w b ) + (-l)\ ab ^w b (w c w a ~(-l)^w a w c ) + (-lt a ^w c (w a w b -(-l)Ww b w a ) 
= (w a w b -(-l)^w b w a )w c + (-lt b ^(w b w c -(-l)^w c w b )w a + (-l)^ cb \w c w a ~(~l)^w a w c )w b ; 

in the present quadratic case however the I2 basis elements involve the additional terms d ab cd w c Wd, and 
the corresponding cyclic combinations w a {w b w c — (— l)\ bc \w c w b — d ab cd w c Wd) + ■■■ do not work. Let us 
temporarily adopt the simplified notation a = w a , (ab) = d ab cd w c Wd and (— l)l ab l = [ a &], (— l)l ab l+l ac l = [ Q b ] ; 
^■fyacl+MI+l&cl+M = gcj ; and alg0 the abbreviated notation (ab) = J2(abY(ab) 2 to indicate sums uniquely 
determined by the index choice ab . It is possible to add and subtract terms to form the modified equality: 

a(bc — [bc]cb — (be)) + [ a b ] b(ca — [ca]ac — (ca)) + [ cb ] c(ab — [ab]ba — (ab)) 

E [ac]{beY(a(bef - [^(befa) - [ c l](caf ((cafb - [ b a c ] 2 b(caY) (aby((abfc - [ c a b ] 2 e(aby) 

= (ab - [ab]ba - (ab)) c + [ a b c ](bc — [bc]cb — (be)) a + [ cb ](ca — [ca]ac - (ca)) b 

J^Hbc) 1 ~ [ a lT(bcy a )(bcf - [ a b c }(b(caY + [ b »]\cayb)(cay + [ c a b }(e(aby - [y b ]\aby C )(aby (A-5) 

where the split summands (-) 1 • (-) 2 are introduced on each side in anticipation of the type of bracketing 
required for entries in L® I 2 and I2 ®L, respectively. Here the additional signs [f,"] 1 , [ b "] 2 are introduced to 
indicate the switch of b with the first and second factors of (ca) , respectively. Sign factors on these summands 
are reconciled when it is noted that {^Y ■ [ b cY — [f,eL an d by the same token, [be] 1 !" 6 ] = [&c] 2 [ cb ]- ^ the 
additional terms still required d-type components to qualify as elements of I2 , this process would of course 
continue; but for the quadratic Lie superalgebra case it will turn out that no further terms are needed, and 
the elements expressed by either side of (| A-5|) are the spanning set of the intersection L g> I2 D I2 ® L. To 
go further (J1-J3) should be examined for each choice of grading of the triple abc amongst the sectors III, 
110, 100 and 000, and the problem is as formulated in the text. 



25 



A. 3 Tensor projections for V(A) at level > 1 

For the projection Q[r,s]ij = Q[r]j(5[s]j + QjsJjQMj we have (compare l|24p) 

PMfQkPM/QeS + P[s} k Q k P[r}/QiS = a(a/ B ,C')F[r] i k Q k '5tP[8] e j + a{a' r , C)T s [a] i k Q k 'SiP[r\ l j . 
This expression can be reduced if (|22[) is written as 

[Qk,Si] = J2 B B {1) k p S pq BWi e f B (A-6) 

where each B^\ k , B^ e j is an adjoint operator in the enveloping algebra of gl(n) (a polynomial in E or E), 
and the f B are central elements. Thus 

(Q[r] i Q[a] j + Q[a] i Q[r] j )'S®v = ]T (^[r}M<,C')B ll) k p S pq B^ e f B P[ S f j + (r o a)) ®v 
= (J2 b( 1 \a r ,C' , )b( 2 \a s ,C , )f B (C , ))P[r} k S M P[s} e j + (r^s))®v 

where 6 < - 1 -'(a r , C")6 k p , b^ 2 \a s , C')5 q i arise from B^k p , B^ q i when contracted with the projection operators 
P[r] i fe , P[s] j. Calling the summations a rs , a sr respectively, we have 

(QMM s h + QWWjW ® u = °r-( A ) ? Mi* ^« + o«-(A)?Wi* 3 M ^MV 

For the right-hand side to be a valid symmetrised projector, note that we must have a rs — a sr . We conjecture 
the following Theorem 

Theorem (conjecture) A. 23: Second level atypicality conditions for gl2(n/l): 
Let S rs be a weight of Vb(A|). The irreducible Kac module V(A) contains the gl(n) submodule Vb(A + S rs ) 
iff A + S rs is a dominant integral weight, and a rs (Ai, A2, ■ • • , A„) 7^ 0. 

■ 

For higher levels, an expression equivalent to (|A-6j) can be developed for the appropriate higher rank 
antisymmetric tensors and their shift projections, leading to an inductive approach to handling the structure 
of the atypicality conditions governing the presence or absence of the various even irreducible modules. We 
defer the details to future work. 
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